Analysis of truncation errors
Accuracy of finite difference approximations
Leading truncation error
Approximation of second-order derivatives
Central difference scheme
Approximation of mixed derivatives 2D:
One-sided finite differences
backward/central difference approximations would need u −1 which is not available Polynomial fitting
approximate u by a polynomial and differentiate it to obtain the derivatives
Analysis of the truncation error
High-order approximations
Pros and cons of high-order difference schemes ⊖ more grid points, fill-in, considerable overhead cost ⊕ high resolution, reasonable accuracy on coarse grids Criterion: total computational cost to achieve a prescribed accuracy
Result: the original PDE is replaced by a linear system for nodal values Linear system for the central difference scheme
. . .
The matrix A is tridiagonal and symmetric positive definite ⇒ invertible.
Extra equation for the last node
The matrix A remains tridiagonal and symmetric positive definite.
Non-homogeneous Dirichlet BC u(0) = g 0 only F changes
The matrix A is sparse, block-tridiagonal (for the above numbering) and SPD.
Caution: convergence of iterative solvers deteriorates as the mesh is refined
Treatment of complex geometries

2D Poisson equation
Neumann and Robin BC are even more difficult to implement
Grid transformations
Purpose: to provide a simple treatment of curvilinear boundaries
The original PDE must be rewritten in terms of (ξ, η) instead of (x, y) and discretized in the computational domain rather than the physical one. 
